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Using a simulated system of temperature and concentration advected by a turbulent
velocity, we investigated the statistical differences between active and passive scalars in
isotropic compressible turbulence, as well as the effect of compressibility on scalar trans-
ports. It shows that in the inertial range, the kinetic energy spectrum and scalar spectra
follow the k−5/3 power law, and the values of the Kolmogorov and Obukhov-Corrsin
constants are 2.06 and 0.87, respectively. The appearance of plateau in the transfer flux
spectrum confirms the balances between dissipations and driven forcings for both ve-
locity and passive scalar. The local scaling exponent computed from the second-order
structure function exists flat regions for velocity and active scalar, while that for passive
scalar takes first a minimum of 0.61 then a maximum of 0.73. It then shows that the
mixed third-order structure function of velocity and passive scalar satisfies the Yaglom’s
4/3-law. For the scaling exponent of structure function, the one of velocity and passive
scalar mixing is between those of velocity and passive scalar, while the one of velocity and
active scalar mixing is below those of velocity and active scalar. At large amplitudes, the
probability distribution function (p.d.f.) of active scalar fluctuations is super-Gaussian,
whereas that of passive scalar fluctuations is sub-Gaussian. Moreover, the p.d.f.s of the
two scalar increments are concave and convex shapes, respectively, which exhibit strong
intermittency at small scales, and approach Gaussian as scale increases. For the visualiza-
tion of scalar field, the active scalar has ”ramp-cliff” structures, while the passive scalar
seems to be dominated by rarefaction and compression. By employing a ”coarse-graining”
approach, we study scalar cascades. Unlike passive scalar, the cascade of active scalar is
mainly determined by the viscous dissipation at small scales and the pressure-dilatation
at large scales, where the latter is substantial in the vicinity of small-scale shocklets but
is negligible after space averages, because of the cancelations between rarefaction and
compression regions. Finally, in the inertial range, the p.d.f.s for the subgrid-scale fluxes
of scalars can collapse to the same distribution, revealing the scale-invariant feature for
the statistics of active and passive scalars.
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1. Introduction
Scalar mixing in turbulent flows includes generation of scalar fluctuations, distortion
of scalar interfaces, and creation of intermittent scalar gradients at small scales. It is
of fundamental importance in a variety of fields ranging from the scattering of inter-
stellar mediums in Universe (Meyer et al. 1998; Cartledge et al. 2006), the dispersion
of air pollutants in atmosphere (Lu & Turco 1994, 1995), to the combustion of chemi-
cal reactions in engine (Pope 1991; Warhaft 2000). In the literature of fluid dynamics,
scalar mixing is also called as ”scalar turbulence”, which has been extensively studied. It
was Obukhov (1949) and Corrsin (1951) first applied the Kolmogorov theory to passive
scalar advected by incompressible turbulence, and derived the power-law scaling of the
second-order scalar increment structure function
〈(δrφ)2〉 ∝ 〈〉−1/3〈φ〉r2/3, (1.1)
where δrφ = φ(x + r) − φ(x),  and φ are the dissipation rates of energy and scalar,
respectively. The sign 〈·〉 denotes ensemble average. This result indicates that the cascade
of passive scalar is similar to the classical energy cascade for velocity (Monin 1975). In
particular, the scalar fluctuations are generated at large scales and transported through
successive breakdowns into smaller scales, the cascade proceeds until fluctuations are
dissipated at the smallest scale. By this picture, an inertial-convective range is defined
between the largest and smallest scales. Hereafter, we call it inertial range if there is no
ambiguity. The scalar spectrum in the inertial range is then given by
Eφ(k) = COC〈〉−1/3〈φ〉k−5/3, (1.2)
where COC is the Obukhov-Corrsin (OC) constant and regarded to be universal. Sreeni-
vasan (1996) concluded that COC ≈ 0.68, and the experiments of passive scalar in de-
caying grid turbulence by Mydlarski & Warhaft (1998), for Reλ varying from 30 to 731,
showed that COC = 0.45 ∼ 0.55. In numerical simulation, Wang et al. (1999) studied
the refined similarity hypothesis for passive scalar and gave that COC = 0.87 ± 0.10 at
Reλ = 195, and Yeung et al. (2002, 2005) found that in the scalar turbulence with mean
gradient, COC was around 0.67 in the range of 90 6 Reλ 6 700.
Nevertheless, the Kolmogorov-Obukhov-Corrsin theory fails in describing the well-
known anomalous scaling problem of passive scalar except for p = 3
〈|δrφ|p〉 ∝ rzp . (1.3)
It was Kraichnan (1994) first proposed a predictable model for the scaling exponent
of passive scalar in white-noise turbulence, using a linear anstaz. Then, Shraiman &
Siggia (1994) gave a series of white-noise equations for the structure functions of passive
scalar. Although the approach of white-noise velocity is insightful and has provoked
many theoretical and computational work, it is clear that a more realistic velocity either
incompressible or compressible must be considered for the problem. Cao & Chen (1997)
computed passive scalar in the Navier-Stokes (NS) turbulence and developed a bivariate
log-Poisson model. Watanabe & Gotoh (2004) studied the statistics of passive scalar in
homogeneous turbulence and found that in the inertial range, the passive scalar scaling
follows the bivariate log-Poisson model.
The experimental measurements in decaying grid turbulence at high Peclet number
(Mydlarski & Warhaft 1998) showed that the p.d.f. of passive scalar is sub-Gaussian,
which is identical to the simulation data from Wang et al. (1999), and Watanabe & Gotoh
(2004). Further, the p.d.f. of passive scalar increment deviates distinctly from Gaussian
at small scales and approaches Gaussian when scale increases. At large amplitudes, the
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p.d.f. tail of passive scalar is convex, whereas that of velocity increment is concave. The
passive scalar field has the so-called ”ramp-cliff” structures (Chen & Kraichnan 1998;
Watanabe & Gotoh 2004), which are produced by stretching and shearing of vortices.
Specially, turbulent mixing effectively throws out high gradient events, forming the large-
scale ramp structures of low gradient which are reconciled with the existing small-scale
cliff structures of high gradient (Shraiman & Siggia 2000). Thus, scalar dissipation is
small in ramps but is large in cliffs.
When the Schmidt number is Sc  1, the scalar fluctuations are dissipated at the
so-called Batchelor scale ηB = Sc
−1/2η. Batchelor (Batchelor 1959) predicted that in the
viscous-convective range (i.e. ηB  r  η), the scalar spectrum obeys a k−1 power law,
which has been confirmed by many simulations such as Yeung et al. (2002, 2004), Antonia
& Orlandi (2003), and Donzis et al. (2010). On the contrary, when Sc  1, the scalar
fluctuations decay strongly at the OC scale ηOC = Sc
−3/4η. Standard arguments by
Batchelor, Howells and Townsend showed that when the Reynolds number is sufficiently
high, the scalar spectrum follows a k−17/3 power law in the inertial-diffusive range (i.e.
η  r  ηOC). Recently, this conclusion has been proved by Yeung & Sreenivasan (2012,
2014).
The current understanding of scalar transport in compressible turbulence lags far be-
hind the knowledge accumulated on the incompressible one. Previous studies involved the
cascade of passive scalar in compressible turbulent flows were focused on the dependence
of passive scalar trajectory on the degree of compressibility (Chertkov et al. 1997, 1998).
It was analyzed by Gawedzki & Vergassola (2000) that for weak compressibility, the di-
rect cascade of passive scalar associating with the explosion of initially close trajectories
takes place, which is similar to that occurs in incompressible turbulence. By contrast,
when compressibility is strong enough, the passive scalar trajectories collapse, and there
arise the excitation of nonintermittent inverse cascade at large scales and the suppression
of dissipation at small scales. Celani et al. (1999) studied the dynamical role of compress-
ibility in the intermittency of passive scalar for the direct cascade regime, and pointed
out that due to the slowing down of Lagrangian trajectory separations, the reinforced
intermittency would appear for increasing compressibility. Recently, Ni & Chen (2012)
performed simulations of passive scalar in one-dimensional (1D) compressible NS turbu-
lence, and observed that starting from certain medium scales, the transfer flux of passive
scalar transports upscale. Nevertheless, so far there is no observation for the inverse cas-
cade of passive scalar in three-dimensional (3D) compressible turbulent flows, even the
value of turbulent Mach number reaches at 6.1 (Pan & Scannapieco 2011). Furthermore,
it was found that the passive scalar scaling in supersonic turbulence computed from the
piecewise-parabolic method (PPM) simulation accords well with the SL94 model (She
& Leveque 1994). At low Mt, the field structure of passive scalar is similar to that in
incompressible turbulence, while at high Mt, it is primarily dominated by large-scale
rarefaction and compression (Pan & Scannapieco 2010).
Contrasting to passive scalar, an active scalar always provides an impact on velocity
by way of an extra term, i.e. buoyancy, added to the velocity equation, resulting in a
two-way coupling between the velocity and scalar fields. Thus, it belongs to nonlinear
problems. Celani et al. (2002a,b, 2004) studied the university and scaling of active and
passive scalars by simulating four different numerical systems, and obtained the results
that when the statistical correlation between active scalar forcing and advecting velocity
is sufficiently weak, the active and passive scalars share the same statistics; however,
when the statistical correlation is strong, the two scalars behave quite different. In the
context of shell model, Ching et al. (2003) argued that the different scaling behaviors
are attributed to the fact of the active scalar equation possesses additional conservation
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laws, while in the passive scalar equation the zero mode problem is a secondary factor.
In the thermal convection experiment, Zhou & Xia (2002) showed that the active and
passive scalars share some similar statistical properties, such as the saturation of scaling
exponent and the log-normal distribution of front width.
In this paper, we regard the temperature advected by a compressible turbulent velocity
as an active scalar. Without an additional term to the velocity equation, the tempera-
ture brings substantially nonlinear feedback to the velocity through the way of density
fluctuations, which fits the general spirit of active scalar. We carry out a numerical in-
vestigation on the turbulent temperature and concentration transports. Our attention is
focused on the statistical differences between active and passive scalars, as well as the
effect of compressibility on scalar fields. The system is simulated on a 5123 grid using
a novel hybrid method. This method utilizes a seventh-order weighted essentially non-
oscillatory (WENO) scheme (Balsara & Shu 2000) in shock region and an eighth-order
compact central finite difference (CCFD) scheme (Lele 1992) in smooth region outside
shock. In addition, a new numerical hyperviscosity formulation is proposed to improve the
numerical instability in simulation without compromising the accuracy of the method. As
a result, the hybrid method has spectral-like spatial resolution in computing highly com-
pressible turbulence. In comparison, though the PPM method can simulate compressible
flows at higher turbulent Mach number, the absence of viscous dissipation brings a series
of unphysical problems. The details of the hybrid method has been described in Wang
et al. (2010). We hope that our comprehensive study will advance one’s understanding
of the statistics of active and passive scalars in the small-scale compressible turbulence.
The remainder of this paper is organized as follows. The governing equations and
basic parameters, along with the computational method, are described in Section 2. The
fundamental statistics of the simulated system is provided in Section 3. The probability
distribution function and structure function scaling are analyzed in Section 4. In Section
5, we describe the statistical behaviors of field structures. The discussions on the cascades
of active and passive scalars are given in Section 6. Finally, we give the summary and
conclusions in Section 7.
2. Governing equations, simulation parameters and methods
We consider a dynamic system of temperature and concentration transports by a tur-
bulent velocity field under the idea gas state. The system is driven and maintained
in a stationary state by the large-scale velocity and passive scalar forcings. Similar to
Samtaney et al. (2001), we shall introduce a set of reference scales to normalize the
hydrodynamic and thermodynamic variables. Since these variables together contain five
elemental dimensions, we first introduce five basic reference scales as follows: L for length,
ρ0 for density, U for velocity, Te0 for temperature, and Co0 for concentration. Then we
obtain the reference sound speed c0 =
√
γRTe0, kinetic energy per unit volume ρ0U
2/2,
pressure ρ0RTe0, and Mach number M ≡ U/c0, where γ = Cp/Cv is the specific heat
ratio, R = Cp − Cv is the specific gas constant, and Cp and Cv are the specific heats at
constant pressure and volume, respectively. By adding a reference dynamical viscosity µ0,
thermal conductivity κ0, and molecular diffusivity χ0, we derive three additional basic
parameters including the reference Reynolds number Re ≡ ρ0UL/µ0, Prandtl number
Pr ≡ µ0Cp/κ0, and Schmidt number Sc ≡ ν0/χ0. In our simulation, the values of γ,
Pr and Sc are set as 1.4, 0.7 and 1.0, respectively. Then the flow system is completely
determined by the two parameters of M and Re.
Based on the above reference scales, the dimensionless form of the governing equations
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for the simulated system are written as
∂
∂t
ρ+
∂
∂xj
(
ρuj
)
= 0, (2.1)
∂
∂t
(
ρui
)
+
∂
∂xj
[
ρuiuj + pδij/γM
2
]
=
1
Re
∂
∂xj
σij + ρFi, (2.2)
∂
∂t
E + ∂
∂xj
[
(E + p/γM2)uj
]
=
1
α
∂
∂xj
(
κ
∂Te
∂xj
)
+
1
Re
∂
∂xj
(
σijui
)− Λ + ρFjuj , (2.3)
∂
∂t
(
ρCo
)
+
∂
∂xj
[
(ρCo)uj
]
=
1
β
∂
∂xj
(
ρχ
∂Co
∂xj
)
+ ρS, (2.4)
p = ρTe, (2.5)
where α ≡ PrRe(γ−1)M2 and β ≡ ScRe(γ−1)γ. The primary variables are the density
ρ, velocity ui, pressure p, temperature Te, and concentration Co. Fj =
∑2
m=1 Fˆj(km)×
exp(ikmx)+c.c. is the large-scale velocity forcing, where Fˆj is the Fourier amplitude and
is perpendicular to the wavenumber vector (Ni & Chen 2012; Ni et al. 2013). Similarly, the
large-scale passive scalar forcing is S = ∑2m=1 Sˆ(km) exp(ikmx) + c.c., and the Fourier
amplitude Sˆ is also perpendicular to the wavenumber vector (Ni & Chen 2012). The
inclusion of the large-scale cooling function Λ in the energy equation is to remove the
accumulated internal energy at small scales, and its detail can be found in Wang et al.
(2010). The viscous stress σij and total energy per unit volume E are defined by
σij ≡ µ
( ∂ui
∂xj
+
∂uj
∂xi
)− 2
3
µθδij , (2.6)
E ≡ p
(γ − 1)γM2 +
1
2
ρ
(
ujuj
)
, (2.7)
where θ = ∂uk/∂xk is the dilatation, a flow variable that measures the local rate of
expansion or compression. Here the dimensionless dynamical viscosity µ, thermal con-
ductivity κ and molecular diffusivity χ are considered to vary with temperature through
the Sutherland’s law (Sutherland 1992) as follows
µ, κ, χ =
1.4042Te1.5
Te+ 0.4042
. (2.8)
The system is solved numerically in a cubic box with periodic boundary conditions,
by adopting a new computational approach (Wang et al. 2010). To obtain statistical
averages of interested variables, a total of eighteen flow fields spanning the time period
of 6.15 6 t/τ 6 10.51 were used, where τ = 1.17 is the large-eddy turnover time, and the
system achieves the stationary state at the time of t > 4τ . Instead of the reference Mach
number M and Reynolds number Re, in simulation the flow is directly governed by the
turbulent Mach number Mt and Taylor microscale Reynolds number Reλ (Samtaney et
al. 2001)
Mt = M
u′
〈√Te〉 , (2.9)
Reλ = Re
u′λ〈ρ〉√
3〈µ〉 , (2.10)
where u′ ≡
√
〈u21 + u22 + u23〉 is the r.m.s. magnitude of velocity, and λ is the Taylor
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Table 1. Simulation parameters and resulting flow statistics.
Grid Mt Reλ M
′ kmaxη Lf Lf/η λ τ S3 θ′
5123 1.02 178 1.04 2.79 1.50 135 0.27 1.17 −1.7 5.8
ω′ θ′/ω′ u′ u′s u
′
c u
′
c/u
′
s ρ
′ 〈〉 〈s〉/〈〉 〈c〉/〈〉 EK EI
15.6 0.37 2.21 2.16 0.50 0.23 0.29 0.56 86.8% 16.0% 2.31 8.82
microscale, which is defined as
λ ≡
√
u′2
〈(∂u1/∂x1)2 + (∂u2/∂x2)2 + (∂u3/∂x3)2〉 . (2.11)
In our simulation, by setting M = 0.45 and Re = 500, we obtained the time-average
values of Mt = 1.02 and Reλ = 178. Although there is hardly a real instance with
such values of Mt and Reλ, the investigation reveals certain universal features of inertial
ranges for compressible flows at different Reynolds numbers.
3. Fundamental statistics of simulated system
Table 1 lists some overall statistics of the velocity field. The resolution parameter is
kmaxη = 2.79, where kmax and η are the largest solved wavenumber and the Kolmogorov
scale η = [〈µ/(Reρ)〉3/ < /ρ >]1/4, and their values are 256 and 0.011, respectively. The
integral scale Lf is computed by
Lf =
3pi
2u′2
∞∫
0
E(k)
k
dk, (3.1)
where E(k) is the kinetic energy spectrum per unit mass, namely,
∞∫
0
E(k)dk = u′2/2. (3.2)
The ratio Lf/η is 135, representing the range of scales in the velocity field. The r.m.s.
magnitudes of dilatation and vorticity are computed by θ′ =
√〈θ2〉, ω′ = √〈ω21 + ω22 + ω23〉,
with respective values of 5.8 and 15.6. Then the ratio θ′/ω′ is 0.37, indicating that the
compressibile effect makes a significant contribution to the statistics of velocity gradient
tensor. This character is further demonstrated by the ensemble average of the velocity
derivative skewness, which is defined by
S3 ≡
[〈(∂u1∂x1 )3 + (∂u2∂x2 )3 + (∂u3∂x3 )3〉]/3[〈(∂u1∂x1 )2 + (∂u2∂x2 )2 + (∂u3∂x3 )2〉/3]3/2 . (3.3)
The value of S3 is equal to −1.7, much greater than typical values of −0.4 ∼ −0.6
observed in incompressible turbulence (Ishihara et al. 2007). This deviation is mainly
caused by the presence of the small-scale shocklets in compressible turbulence.
As for the scalar fields, their overall statistics are summarized in Table 2. The effective
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Table 2. Simulation parameters and statistics of scalars.
Scalar kmaxηOC Lfφ Lfφ/ηOC λφ S3φ φ
′ 〈φ〉 Eφ
Te 3.64 0.79 54 0.16 0.13 0.12 0.06 0.51
Co 2.79 0.96 86 0.23 −0.11 2.25 1.45 2.48
resolution parameters are kmaxηOC = 3.64 for temperature and 2.79 for concentration.
The integral scale Lfφ for scalar is computed by
Lfφ =
pi
φ′2
∞∫
0
Eφ(k)
k
dk. (3.4)
Hereafter φ is denoted as Te or Co whenever there is no special illustration. Eφ(k) is the
scalar spectrum per unit mass, and its definition is similar to Equation (3.2). φ′ is the
r.m.s. magnitude of scalar. The ratio Lfφ/ηOC for temperature and concentration are
54 and 86, respectively. It shows that the ranges of scales for the two scalars are smaller
than that for the velocity. Furthermore, the ensemble average of the skewness of scalar
derivative is defined by
S3φ ≡
[〈( ∂φ∂x1 )3 + ( ∂φ∂x2 )3 + ( ∂φ∂x3 )3〉]/3[〈( ∂φ∂x1 )2 + ( ∂φ∂x2 )2 + ( ∂φ∂x3 )2〉/3]3/2 . (3.5)
The values of S3φ are 0.13 for temperature and −0.1 for concentration, significantly
smaller than S3 in magnitude. Besides, the Taylor microscale λφ, defined similarly to λ,
are 0.16 for temperature and 0.23 for concentration.
The application of Helmhotlz decomposition (Erlebacher & Sarkar 1993) to velocity
field gives that
ui = ui,s + ui,c, (3.6)
where ui,s is the solenoidal component and satisfies ∂ui,s/∂xi = 0, and ui,c is the com-
pressive component and satisfies εijk∂uk,c/∂xj = 0, and εijk is the Levi-Civita symbol. In
Table 1, we compile the relevant statistics associated with the solenoidal and compressive
processes. The r.m.s. magnitudes of solenoidal and compressive velocity are u′s = 2.16
and u′c = 0.50. This leads the ratio of u
′
c/u
′
s to be 0.23. We also note that θ
′/ω′ is larger
than u′c/u
′
s, indicating that the compressible effect plays a more significant role at the
small scales. The r.m.s. magnitudes of scalars presented in Table 2 are Te′ = 0.12 and
Co′ = 2.25.
Let us now focus the governing equation of the kinetic energy ρuiui/2. According to
Andreopoulos et al. (2000), it can be written as follows
ρ
D
Dt
(1
2
uiui
)
=
∂
∂xj
(
− 1
γM2
puj + σijui
)
+
1
γM2
pθ − µ
Re
ωiωi
−4
3
µ
Re
θ2 − 2 µ
Re
( ∂ui
∂xj
∂uj
∂xi
− θ2
)
+ ρFiui, (3.7)
where D/Dt = ∂/∂t+uj∂/∂xj is the material derivative. On the right-hand side (R.H.S.)
of Equation (3.7), the viscous dissipation rate  = σijSij/Re is divided into three parts:
the solenoidal dissipation rate s = (µ/Re)ωiωi, the dilatation dissipation rate c =
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Figure 1. Compensated spectra of kinetic energy and its two components, and compensated
spectra of scalars.
(4/3)(µ/Re)θ2, and the mixed dissipation rate m = (2µ/Re)[(∂ui/∂xj)(∂uj/∂xi)− θ2],
which represents the contribution to dissipation rate from the non-homogeneous compo-
nent of compressible flow, and is zero in the incompressible limit. We find that 〈s〉/〈〉 =
86.8% and 〈c〉/〈〉 = 16.0%, meaning that the mixed part gives a negative contribution
to the viscous dissipation rate. The ratio EK/EI is 0.26, close to the estimated value of
EK/EI ≈ (γ − 1)γM2t /2 = 0.29, where EK = 〈ρuiui〉/2 and EI = 〈p〉/[(γ − 1)γM2]. In
addition, the ensemble-average value of the injected energy is 〈ρFiui〉 = 0.55, implying
that there is a main balance between the velocity forcing and viscous dissipation. As
long as the velocity and temperature fields are statistically stationary, one must have
〈ρFiui〉 = 〈Λ〉.
By Equations (2.2)-(2.3), we derive the governing equation of temperature as follows
∂
∂t
(
ρTe
)
+
∂
∂xj
[
(ρTe)uj
]
=
(
γ − 1)pθ+ γ
Pe
∂
∂xj
(
κ
∂Te
∂xj
)
+
αγ
PeRe
σij
∂ui
∂xj
− αγ
Pe
Λ, (3.8)
where Pe ≡ PrRe is the Peclet number. The dissipation rates of temperature and con-
centration are defined by
te ≡ κ
(
∂Te/∂xj
)2
, (3.9)
co ≡ χ
(
∂Co/∂xj
)2
. (3.10)
It shows in Table 2 that 〈te〉 and 〈co〉 are 0.06 and 1.45, respectively, and 〈CoS〉 is
1.44. This confirms the approximative balance between the passive scalar forcing and
molecular dissipation. The values of the temperature and concentration variances per
unit volume are Ete = 0.51 and Eco = 2.48, where Ete = 〈ρTe2〉/2 and Eco = 〈ρCo2〉/2.
Figure 1 shows the compensated spectra of the kinetic energy E(k) and its two com-
ponents Es(k) and Ec(k), as well as those of the scalars Ete(k) and Eco(k). The inertial
ranges of these spectra are clearly identified in the range of 0.05 6 kη 6 0.18. We observe
that the Kolmogorov constant of E(k) and OC constants of Ete(k) and Eco(k) read from
the spectra are
CK = 2.06± 0.03, CteOC = 0.08± 0.01, CcoOC = 0.87± 0.02. (3.11)
Here CK is slightly higher than the typical values observed in incompressible turbulent
flows (Wang et al. 1996), and CcoOC is in well agreement with that from passive scalar in
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Figure 2. Normalized flux spectra of kinetic energy and scalars.
incompressible turbulence provided by Wang et al. (1999). However, CteOC is roughly one
order of magnitude smaller than CcoOC . The reason is due to the fact that the transfer flux
of active scalar is more tightly associated with the compressive component of velocity,
which contributes a small fraction to the kinetic energy. The spectra of kinetic energy
and its solenoidal component almost overlap, except at high wavenumbers where the
compressive component dominates the energy content. Furthermore, for the compressive
component, the compensated energy level in the inertial range is roughly one order of
magnitude smaller, but decays more slowly in the dissipative range. For scalars, the con-
centration spectrum is close to the kinetic energy spectrum and its solenoidal component,
while the temperature spectrum resembles the compressive component.
Similar to Watanabe & Gotoh (2004, 2007), we define the transfer functions of the
kinetic energy and scalars in wavenumber space as follows( ∂
∂t
+ 2µk2
)
E(k) ≡ T (k) + F(k), (3.12)( ∂
∂t
+ 2µφk
2
)
Eφ(k) ≡ Tφ(k) + Fφ(k), (3.13)
where F(k) and Fφ(k) are the terms of the velocity and passive scalar forcings in wavenum-
ber space. Then the transfer fluxes of the kinetic energy and scalars across the wavenum-
ber k are
Π(k) =
∞∫
k
T (k)dk, Πφ(k) =
∞∫
k
Tφ(k)dk. (3.14)
In Figure 2 we plot the spectra of transfer fluxes for the kinetic energy and scalars
against the dimensionless wavenumber kη, normalizing by their ensemble averages of
dissipation rates. It is found that Π(k) and Πco(k) are close to unity in the ranges of
0.02 6 kη 6 0.04 and 0.02 6 kη 6 0.05, respectively, over which E(k) and Eco(k) are
in the inertial range and thus have the k−5/3 power law. By contrast, in the range of
0.05 6 kη 6 0.09, Πte(k) is only 24% of 〈te〉. This indicates that the dominance of the
rarefaction and compression motions leads the flux transfer of temperature to being not
follow the Kolmogorov picture. The shift towards higher wavenumbers is due to that the
OC scale of temperature is larger than the Kolmogorov scale. Furthermore, the constancy
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of the transfer-flux spectra in certain wavenumber ranges indicate that the velocity and
scalar fields are really in the equilibrium states.
The p.d.f. of the ratio of the normalized dilatation to vorticity magnitude is shown
in Figure 3. The p.d.f. is negatively skewed, exhibiting that the events of large negative
ratio is substantial, even though θ′/ω′ has a small value of 0.37. Similar to those of
dilatation, the p.d.f. tails of the ratio are concave. In the inset we plot the p.d.f. of the
normalized dilatation with strongly negative skewness. This feature has already been
observed in weakly and moderately compressible turbulent flows (Porter et al. 2002;
Pirozzoli & Grasso 2004). It was claimed by Pirozzoli & Grasso (2004) that the p.d.f.
becomes more skewed towards the negative side as the turbulent Mach number increases.
This point has been confirmed in our simulation. In Figure 4 we plot the p.d.f. of the
local Mach number Mloc. Clearly, a substantial portion of the velocity field is supersonic,
where the maximum of Mloc is 3.32. The p.d.f. peaks at Mloc = 0.86. It reveals that
in compressible turbulence, the small-scale shocklets generated by velocity fluctuations
distribute randomly at different scales.
The structure functions of the longitudinal velocity increment δru ≡ u(x + r)− u(x),
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r/η.
and the scalar increment δrφ ≡ φ(x + r)− φ(x) are defined by
Su,p(r) ≡ 〈|δru|p〉, Sφ,p(r) ≡ 〈|δrφ|p〉, (3.15)
where r is the separation distance between two points and p is the order number. The
Kolmogorov theory predicts that the structure functions scale as rp/3. In Figure 5 we
plot the second-order structure functions of δru, δrTe and δrCo against the normalized
separation distance r/η. It shows that for Su,2(r) and Ste,2(r), the regions corresponding
to the flat local scaling exponents are observed in the range of 50 6 r/η 6 110. By
contrast, for Sco,2(r), in the same range there are two different regions, in which the local
scaling exponent takes first a minimum and then a maximum, and crossover occurs in
the range of 65 6 r/η 6 95. Further, we plot the mixed second-order structure functions
of velocity and scalars, with the relevant definition as follows
Smφ,p(r) ≡ 〈|δru(δrφ)2|p/3〉. (3.16)
It shows that the behaviors of Smte,2(r) and Smco,2(r) are similar to those of Su,2(r) and
Ste,2(r), namely, for the local scaling exponents, there are neither local minima nor local
maxima. Thus, we speculate that throughout the range of 50 6 r/η 6 110, the transfer
functions of both temperature and concentration at a given order number have single
scaling exponents.
In the inset we plot the local scaling exponents as functions of r/η, defining as
zu,2(r) ≡ d log[Su,2(r)]
d log(r/η)
, zφ,2(r) ≡ d log[Sφ,2(r)]
d log(r/η)
, (3.17)
zmφ,2(r) ≡ d log[Smφ,2(r)]
d log(r/η)
. (3.18)
In the range of 60 6 r/η 6 110, zu,2(r) and zmte,2(r) are almost constant and have the
around values of 0.67 and 0.69, respectively. For zte,2(r) and zmco,2(r), their constant
values of 0.77 and 0.72 are found in the ranges of 90 6 r/η 6 110 and 60 6 r/η 6 90,
respectively. In terms of zco,2(r), it first decreases from small scales, and achieves a local
minimum of zminco,2 = 0.61 at r/η = 55, then quickly increases and reaches a local maximum
of zmaxco,2 = 0.73 at r/η = 100, after that, decreases again. To some extent, the behaviors
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of the second-order structure functions and their local scaling exponents in this study are
similar to those observed in the 1D compressible turbulence (Ni & Chen 2012). However,
so far there are still unclear in two aspects: (1) whether a flat region in zco,2(r) appears
at the level of the local minimum or maximum as the Reynolds number increases; and
(2) whether the local minimum and maximum features of zco,2(r) disappears when the
Schmidt number Sc 1.
In the final of this section, we focus our attention on the applicability of the Kol-
mogorov’s 4/5 and Yaglom’s 4/3-laws to compressible turbulence. The Kolmogorov’s
4/5-law is an asymptotically exact result for incompressible turbulent flows, and can be
obtained from the Karman-Howarth equation (Pope 2000). When the Reynolds number
is sufficiently high, the velocity field of a stationary incompressible turbulence obeys the
following equation
〈(δru)3〉 = −4
5
〈〉r + 6ν d
dr
〈(δru)2〉+ f. (3.19)
In the range of η  r  Lf , the second and third terms on the R.H.S. of Equation (3.19)
vanish, and then it yields to the 4/5-law
〈(δru)3〉 = −4
5
〈〉r. (3.20)
Similarly, the Yaglom’s 4/3-law is the asymptotically exact result for incompressible
scalar turbulence, and was derived by Yaglom in 1949 (Yaglom 1949). It reads as
〈δru(δrφ)2〉 = −4
3
〈φ〉r + 2νφ d
dr
〈(δrφ)2〉+ fφ, (3.21)
where νφ denotes the molecular diffusivity. When ηB  r  Lfφ, Equation (3.21) is
reduced to the 4/3-law
〈δru(δrφ)2〉 = −4
3
〈φ〉r. (3.22)
It should be pointed out that the smallest scale for the 4/3-law to hold is ηB rather
than η. In this study the Batchelor scales for temperature and concentration are ηB =
Sc−1/2η = η and ηB = Pr−1/2η ≈ 1.2η, respectively.
In Figure 6 we plot the third-order velocity structure function −Su,3(r) and the mixed
third-order velocity-scalar structure functions −Smte,3(r) and −Smco,3(r), against the
normalized separation distance r/η. For −Su,3(r) and −Smco,3(r), there are plateaus in
the ranges of 18 6 r/η 6 35 and 60 6 r/η 6 105, respectively. Contrarily, there is
no clear plateau observed in −Smte,3(r). Instead, it peaks at the around value of 0.18,
sharing a similar explanation with the spectrum of temperature transfer flux. The inset
shows the details of flat regions for 10 6 r/η 6 140. The level values computed from
the plateaus are 0.78 and 1.39, which are very close to 4/5 and 4/3, respectively. This
concludes that the velocity and passive scalar in our simulation satisfy the exact relations
of structure functions derived from incompressible flows.
4. Probability distribution function and high-order statistics
As we known, the intermittency in turbulence can be characterized by the behaviors
of the p.d.f. tails of velocity and scalar increments. Figure 7 shows the time-average
one-point p.d.f.s of the normalized fluctuation components of velocity, temperature and
concentration, where u′, Te′ and Co′ have been referred in Section 3. The p.d.f. with
Gaussian distribution is plotted for comparison. We find that at small amplitudes, the
p.d.f.s of velocity and temperature are very close to Gaussian, while that of concentration
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Figure 7. The p.d.f.s of the normalized fluctuations of velocity and scalars. The dash-dotted
line represents Gaussian.
occurs small oscillations. The reason is that in turbulence the fluctuations of concentra-
tion are usually more intense than those of velocity and temperature. At large amplitudes,
the p.d.f. of temperature decays smoothly and more slowly than Gaussian, and thus is
called as super-Gaussian. This feature is also found from the scalar in 3D Kraichnan-
model flows (Balkovsky & Lebedev 1998; Mydlarski & Warhaft 1998; Shraiman & Siggia
2000; Celani et al. 2002a,b, 2004). By contrast, the p.d.f.s of velocity and concentration
are called as sub-Gaussian, because they decay smoothly and more quickly than Gaus-
sian, similar to the passive scalar in incompressible turbulence (Mydlarski & Warhaft
1998; Watanabe & Gotoh 2004).
The time-average one-point p.d.f.s of the normalized longitudinal gradients of velocity,
temperature and concentration are shown in Figure 8, where ξ = ∂u/∂x, ζ = ∂Te/∂x
and ς = ∂Co/∂x. It shows that the three p.d.f.s all deviate drastically from Gaussian
(dash-dotted line), exhibiting strong intermittency. The p.d.f. of ξ is negatively skewed,
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while those of ζ and ς are approximately symmetric. In the negative gradient regions,
the p.d.f. tails of ζ and ς are longest and shortest, implying strongest and weakest in
intermittency, respectively. However, in the positive gradient regions, the relative inten-
sity of intermittency between ξ and ς reverses. Furthermore, in the vicinity of varnishing
gradient, the p.d.f.s of ζ and ς peak higher than that of ξ. In the inset we present the
log-log plot of the large negative gradients versus their p.d.f.s. It shows that for ξ, ζ
and ς, the values of the power-law exponents are −3.8, −3.3 and −3.5, respectively. The
major contributions of these p.d.f. tails are caused by small-scale shocklets rather than
large-scale shock waves. Here we notice that the exponent value of −3.8 for the p.d.f. of ξ
is a bit larger than that for the p.d.f. of velocity gradient, i.e. −3.5, in Burgers turbulence
(E & Eijnden 1999, 2000; Bec et al. 2000), but is substantially larger than that for the
p.d.f. of dilatation, i.e. −2.5, in compressible turbulence (Wang et al. 2012a).
In Figure 9 we plot the p.d.f.s of the normalized longitudinal velocity increment δru/σδu
and its components δrus/σδus and δruc/σδuc , at the normalized separation distances of
r/η = 1, 4, 16, 64 and 128, where σδu, σδus and σδuc are the standard deviations of δru,
δrus and δruc, respectively. We find that in Figure 9(a) at small scales (i.e. r/η = 1),
the left p.d.f. tail of δru is much longer than the right one, indicating strongly negative
skewness. This feature is similar to the p.d.f. of longitudinal velocity gradient shown in
Figure 8. The p.d.f. of δru gets more narrow and symmetric as r/η increases, and it
recovers to Gaussian without intermittency at r/η = 128. At large amplitudes, the p.d.f.
tails are concave, which is in agreement with those observed in the experiments and
simulations of incompressible turbulence. As for the solenoidal component δrus shown in
Figure 9(b), at small scales, on each side, the p.d.f. tails are slightly negative asymmetry
and longer than Gaussian. When r/η increases, they quickly become Gaussian. We notice
that at r/η = 1, the p.d.f. of δrus is close to that of δru provided by Ishihara et al. (2009)
(circles), implying that the dynamics of solenoidal-component velocity is similar to that of
velocity in incompressible turbulent flows. On the other side, the p.d.f. of the compressive
component δruc shown in Figure 9(c) displays strong intermittency at small scales, and
thus, is like that of δru in Burgers turbulence (deltas). As r/η increases, it approaches
Gaussian as well. Besides, at large amplitudes the p.d.f. tails of the velocity component
increments are also in concave shape.
A numerical investigation on active and passive scalars in isotropic compressible turbulence15
δ
r
u/σδu
p.
d.
f.
-30 -15 0 15
10-7
10-6
10-5
10-4
10-3
10-2
10-1
100
Gau.
r/η=1
r/η=4
r/η=16
r/η=64
r/η=128
(a
δ
r
u
s
/σδu
p.
d.
f.
-15 -10 -5 0 5 10 15
10-7
10-6
10-5
10-4
10-3
10-2
10-1
100
s
r/η=4
r/η=1
r/η=128
r/η=16
r/η=64
Ish.
Gau.
(b)
δ
r
u
c
/σδu
p.
d.
f.
-30 -15 0 15
10-7
10-6
10-5
10-4
10-3
10-2
10-1
100
c
Bur.
r/η=1
r/η=4
r/η=16
r/η=64
r/η=128
Gau.
(c)
Figure 9. The p.d.f.s of the normalized longitudinal velocity increment and its two components
at various r/η values. The black solid line represents Gaussian. The symbols of circles and deltas
in (b) and (c) are for the p.d.f.s of the normalized longitudinal velocity increment at r/η = 1 in
incompressible turbulence and Burgers turbulence, respectively.
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Figure 10. The p.d.f.s of the normalized scalar increments at various r/η values. The black
solid line represents Gaussian.
The p.d.f.s of the normalized scalar increments of δrTe/σδTe and δrCo/σδCo are shown
in Figure 10, where σδTe and σδCo are the standard deviations of δrTe and δrCo, re-
spectively. Obviously, these p.d.f.s are almost symmetric, even at small scales such as
r/η = 1. When r/η increases, they get narrower and approach Gaussian. It shows that
on both sides the p.d.f. tails of δrTe are significantly longer than those of δrCo, indi-
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Figure 11. Skewness of velocity and scalar increments as functions of r/η.
cating that in intermittency δrTe is much more intense than δrCo . Furthermore, at
large amplitudes, the p.d.f. tails of temperature increment are concave, similar to those
of longitudinal velocity increment, while those of concentration increment are convex.
This feature has been found in the previous simulations of passive scalar advected by
incompressible turbulence (Watanabe & Gotoh 2004).
The change of the distributions of velocity and scalar increments can be characterized
by their skewness and flatness as well. Those for the longitudinal velocity increment and
scalar increment are defined as follows (Watanabe & Gotoh 2004)
Ku,3(r) ≡ 〈(δru)
3〉
〈(δru)2〉3/2 , Ku,4(r) ≡
〈(δru)4〉
〈(δru)2〉2 ; (4.1)
Kφ,3(r) ≡ 〈(δrφ)
3〉
〈(δrφ)2〉3/2 , Kφ,4(r) ≡
〈(δrφ)4〉
〈(δrφ)2〉2 . (4.2)
In Figure 11 we plot the skewness of δru, δrTe and δrCo against the normalized separation
distance r/η. It shows that in a wide scale range, Ku,3(r) and Kco,3(r) are negative and
their local minima are around −2.1 and −0.1, respectively, whereas Kte,3(r) is positive
and its local maximum is around 1.4. As r/η increases, the magnitudes of skewness fall
and approach zero. We find that the Gaussianities of δru, δrTe and δrCo begin to appear
even the scale is not very large. Throughout scale ranges, the magnitude of Kco,3(r) is
always smaller than that of Ku,3(r), implying a weaker degree of Gaussian departure.
The flatness of δru, δrTe and δrCo against the normalized separation distance r/η is
plotted in Figure 12. It shows that when r/η decreases, the three flatness all increase
from the Gaussian value of 3.0, meaning that the intermittency of the flow increments
emerge and enhance. In a wide scale range, Ku,4(r) is smallest, and thus, is weakest in
intermittency. Compared to Kco,4(r), Kte,4(r) is larger at small and moderate scales.
However, the relation reverses in the range of 20 6 r/η 6 90, indicating that the in-
termittency of δrCo surpasses that of δrTe. This behavior has not been announced in
the text of probability distribution function. The detailed variations of flatness in the
range of 100 6 r/η 6 400 are shown in the inset. At sufficiently large scales, Ku,4(r)
and Kco,4(r) are below 3.0 and thus are sub-Gaussian, while Kte,4(r) is above 3.0 and
thus are super-Gaussian. This feature is consistent with the behaviors of the p.d.f.s of
fluctuations at large amplitudes shown in Figure 7.
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In Figure 13 we plot the scaling exponents of the structure functions of velocity and
scalar increments as well as the mixed structure functions of velocity-scalar increments,
as functions of the order number p. These scalings are computed by taking averages on
the local scaling exponents, where the curves are in the flat regions with finite widths. It
shows that at large order numbers, zu,p > zco,p > zte,p, indicating that the velocity and
temperature fields are weakest and strongest in intermittency, respectively. As for the
mixed scaling, we obverse that zmco,p locates between zu,p and zco,p, similar to that in
incompressible turbulence. Nevertheless, it is interesting to find that zmte,p locates below
zu,p and zte,p. This phenomenon was previously appeared in 3D weakly compressible
turbulence (Benzi et al. 2008) and 1D compressible turbulence (Ni & Chen 2012). For
comparison, we plot the velocity scaling given by the K41 (Kolmogorov 1941) and SL94
(She & Leveque 1994) models, and the passive scalar scaling provided by Watanabe
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The solid symbols of circles, squares and diamonds are for velocity-temperature and its compo-
nents, while the open symbols of circles, squares and diamonds are for velocity-concentration
and its components. The symbols of deltas and gradients separately represent the scaling ex-
ponents of the mixed velocity-temperature and velocity-concentration structure functions from
1D compressible turbulence (Ni & Chen 2012).
& Gotoh (2004). Obviously, zu,p is close to the SL94 model and zco,p is smaller than
Watanabe’s result. In our simulation, there is no saturation observed for the scalings of
temperature and mixed velocity-temperature. Here we point out that the above results
are obtained by using long-time averages (eighteen large-eddy turnover time periods). In
fact, for each single time frame, the oscillation intensity of passive scalar scaling is much
larger than those of passive scalar and velocity scalings.
The Helmholtz decomposition on the mixed velocity-scalar scalings are depicted in
Figure 14. It shows that zmco,p and its two components zmcos,p and zmcoc,p are almost
identical, and locate far away from zmco,1d. By contrast, zmte,p is a bit smaller than its
solenoidal component zmtes,p, and the compressive component zmtec,p nearly collapses
onto zmte,1d. This indicates that the scaling for the compressive component of the mixed
velocity-temperature is similar to the Burgers scaling, which saturates at order number
p > 5.
5. Behaviors of scalar field structures
So far we have focused on quantifying the fundamental statistics, probability distribu-
tion function and high-order statistics. In this section, we shall explore the flow structures.
We hope that the structural analysis will complement the statistical results and provide
a better understanding of the active and passive scalars in compressible turbulence.
5.1. Field structure
In Figure 15 we plot the two-dimensional slices (x-y plane) through the active and passive
scalar fields simultaneously in the position of z = pi/2. The temperature field is depicted
in the left panel, it shows that the small-scale ”cliff” structures are separated by the
large-scale ”ramp” structures. The temperature fluctuations are small in the divided
structure regions, however, they quickly increase when across the interfaces between
cliffs and ramps. To some extent, this picture is similar to passive scalar in incompressible
turbulence producing by stretching (Shraiman & Siggia 2000), which rearranges scalar
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Figure 15. Two-dimensional slices at z = pi/2. (a) Temperature; (b) Concentration.
gradients and brings fluid elements with very different scalar level next to each other. By
contrast, the concentration field shown in the right panel displays to be quite different.
The concentration fluctuations seem to be dominated by the motions of rarefaction and
compression, causing by shock fronts. Compared with the PPM simulations provided
by Pan & Scannapieco (2010), the concentration field in this study is similar to that
in the Mt = 6.1 flow, showing the effect of shock waves. Nevertheless, we will show in
the following section that the cascade of passive scalar is indeed mainly governed by the
stretching of turbulence.
In Figure 16, the 3D isosurfaces of the magnitudes of dilatation θ = −3θ′, vorticity
ω = 1.8ω′, temperature Te = 1.1Te′, concentration Co = −0.4Co′, 1.6Co′ are displayed
in a same 1283 subdomain (i.e. 1/64 of the full domain). These isosurfaces are colored
based on the local r.m.s. magnitudes, where the yellow isosurfaces stand for the large-scale
shock wave with a thickness typically much smaller than the inertial scales, surrounding
by the small-scale shocklets. In Figure 16(a), the green isosurfaces are the vortices under
random distribution. When moving away from the shock wave, the geometric shape of
vortices changes from sheetlike to tubelike. In Figure 16(b), the green sheetlike isosurfaces
are temperature, exhibiting as wrinkled curves around shock wave. We notice that the
surfaces of dilatation and temperature intersect with each other in certain positions. The
isosurfaces of the positive and negative r.m.s. magnitudes of concentration are depicted
in Figure 16(c) by the colors of blue and red, respectively. It shows that the concentration
surfaces are sheetlike as well, and the curve surfaces of oppositive sign basically appears
on each side of the shock front.
The p.d.f.s and conditional p.d.f.s of cosines of angles between vorticity and scalar
gradients are shown in Figure 17. Unlike the positive alignments between vorticity and
vortex stretching vector in turbulent flows (Kholmyansky et al. 2001; Wang et al. 2012b),
the scalar gradients prefer to be perpendicular to the vorticity. In other words, the p.d.f.s
get their maximal values in the vicinity of the pi/2 angle. For each dilatation range, the
p.d.f. and conditional p.d.f.s of concentration are much steeper than those of temperature,
implying that the surfaces of passive scalar and vorticity are probably tangent to each
other. In addition, we find that the p.d.f.s of the two scalars conditioned at each diltation
level have similar relative relations.
5.2. Dissipation field structure
The normalized dissipation spectra of kinetic energy and scalars are plotted in Figure 18.
The maximum dissipation spectrum of kinetic energy is about 2.18 and occurs at r/η =
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Figure 16. Isosurfaces of dilatation, vorticity, temperature and concentration magnitudes in a
1283 subdomain covering (142η)3. Yellow surfaces: θ = −3θ′. (a) Green surfaces: ω = 1.8ω′; (b)
Green surfaces: Te = 1.1Te′; (c) Blue surfaces: Co = −0.4Co′, red surfaces: Co = 1.6Co′.
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Figure 17. The p.d.f.s and conditional p.d.f.s of cosines of angles between scalar gradients and
vorticity. −1 < θ < 0: right triangles; −2 < θ < −1: deltas; −∞ < θ < −2: squares; 0 < θ < 1:
left triangles; 1 < θ < 2: gradients; 2 < θ < +∞: diamonds. (a) Temperature; (b) Concentration.
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Figure 18. Normalized dissipation spectra of kinetic energy and scalars. Inset: log-log plot of
dissipation spectra.
0.16, while that of concentration is about 2.35 and occurs at r/η = 0.18. It indicates
that the effectively smallest scale for concentration dissipation is around 0.9η, a bit
smaller than the Kolmogorov scale. The position for the maximum dissipation spectrum
of temperature is r/η = 0.16, though the related OC scale is ηOC ≈ 1.3η. So far the
behind reason is unclear. In the inset we present the log-log plot. It shows that in the
inertial range of 0.1 6 r/η 6 0.18, the slope values of the dissipation spectra are about
0.35, close to 1/3. In inertial range the spectra of kinetic energy and scalars follow the
k−5/3 power law, therefore, the power law of the corresponding dissipation spectra should
be k1/3.
In a stationary state, the kinetic energy and scalar dissipation rates oscillate in space.
These oscillations are considered to cause field intermittency. It is therefore valuable to
study the spatial structures of dissipation rates. Figure 19 depicts the two-dimensional
slices (x-y plane) through the dissipation fields simultaneously in the position of z = pi/2.
In order to observe the detailed structures at both small and large amplitudes, we plot
the logarithms of dissipation rates, where the color scale is determined by the formulas
as follows
ψu = log10
(
/〈〉), (5.1)
ψφ = log10
(
φ/〈φ〉
)
. (5.2)
Here the colored range is −0.6 ∼ 0.6. As dissipation increases, the color changes from
blue to red. The kinetic energy dissipation rate is shown in Figure 19(a). We find that the
small-scale, high-dissipation regions, separated by the large-scale, low-dissipation regions,
distribute discretely and randomly. These regions exhibit as sharp ridges. By contrast,
the low-dissipation regions are more or less like deep canyons. Figure 19(b) shows the
dissipation rate of temperature, it is consisted of the small-scale, cliff-like high-dissipation
regions and the large-scale, ramp-like low-dissipation regions. Here the widths of the
small-scale structures are even finer, meaning less dissipation. In Figure 19(c), though
the large-scale structures are similar to those shown in the former two panels, the small-
scale structures are broader in widths, displaying as ribbons and thus indicating more
dissipation.
A common used method for quantifying intermittency is to compute intermittency
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Figure 19. Two-dimensional slices of logarithms of the dissipation rates of kinetic energy and
scalars at z = pi/2. (a) Velocity; (b) Temperature; (c) Concentration.
parameter through the auto correlation of dissipation rate, namely
〈ϕ(x)ϕ(x + r)〉 ∼ r−µϕ , (5.3)
where µϕ is the so-called intermittency parameter, and ϕ is for u, Te or Co. The readers
can find detailed definition in Wang et al. (1999). In Figure 20 we present the log-log plot
of the auto correlations of , te and co, as functions of the normalized separation distance
r/η. There appear three linear regions for the auto correlations, in which µu = 0.14,
µte = 0.85 and µco = 0.46. The relation of µu < µco < µte is in agreement with the
fact that in our simulation, the intermittency of velocity, concentration and temperature
increases sequentially. It should be noted that various methods (i.e. correlation method
& variance method) may yield quite different values of intermittency parameter.
Having analyzed the auto correlation, we shall now report on the correlation between
the dissipation rates of kinetic energy and scalars. In Figure 21 we plot the correlation
coefficients between  and φ, as functions of the normalized separation distance r/η,
which are defined by
C(, φ) ≡
(
− 〈〉)(φ − 〈φ〉)
〈(− 〈〉)2〉1/2〈(φ − 〈φ〉)2〉1/2 . (5.4)
It shows that throughout scale ranges, both (, te) and (, co) have positive correlations.
The general behaviors of these correlation coefficients are that they decrease with scale
and appear plateaus at the scales larger than Lf , where the level values are 0.05 and
0.15, respectively. Note that the variation of correlation coefficient against scale in this
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Figure 20. Auto correlations of the dissipation rates of kinetic energy and scalars, as functions
of r/η, where the subscript ϕ denotes as u, te or co. Velocity: circles; temperature: squares;
concentration: diamonds.
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Figure 21. Correlation coefficients between the dissipation rates of kinetic energy and scalars.
Temperature: squares, concentration: diamonds.
study is opposite to that in incompressible turbulence (Wang et al. 1999), in which the
correlation coefficient grows with scale. In the range of r/η 6 2, C(, te) is larger than
C(, co), namely, the temperature is more closely connected with the velocity. Neverthe-
less, as scale increases, this connection is weakened and is surpassed by the concentration.
Furthermore, at small scales, C(, co) is saturated at the level value of 0.25, whereas there
is no saturation observed for C(, te).
Finally, we turn to discuss the statistical dependence of scalar increment on dissipation
rate. In Figure 22 we plot the p.d.f.s of the normalized scalar increments conditioned on
dissipation rates at the normalized separation distances of r/η = 1, 3. For comparison, we
also plot the unconditional p.d.f.s at the same separation distances. In the left panel, at
each scale, the p.d.f. of temperature increment conditioned on the kinetic energy dissipa-
tion rate, P (δrTe|), is wider than that conditioned on the temperature dissipation rate,
P (δrTe|te). Moreover, P (δrTe|) and P (δrTe|te) become narrower as r/η decreases,
implying that in the dissipative range, the effects of dissipations make the large fluctua-
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Figure 22. The p.d.f.s of the normalized scalar increments conditioned on the dissipation rates
of kinetic energy and scalars. The solid lines with solid symbols represent the condition of .
The dashed lines with open symbols in (a) and (b) represent the conditions of te and co,
respectively. The dot-dashed and dot-dot-dashed lines represent the p.d.f.s of the normalized
scalar increments at r/η = 1 and 3.
tions of temperature happen less frequently at smaller scales. For each scale, the tails of
P (δrTe) are longest, indicating that the dissipations suppress the intermittency of tem-
perature increment. In the right panel, at each scale, P (δrCo|) and P (δrCo) basically
overlap each other, and are wider than P (δrCo|co). Unlike the δrTe case, P (δrCo|) be-
comes wider but P (δrCo|co) becomes narrower as r/η falls. Based on the above results, a
conclusion is given that in compressible turbulence, the active scalar increment depends
both on the kinetic energy and scalar dissipations, while the passive scalar increment
mainly relates to the scalar dissipation.
6. Cascades of active and passive scalars
In this section, we employ a ”coarse-graining” approach (Aluie 2011; Aluie et al. 2012;
Aluie 2013) to study the cascades of active and passive scalars. We begin with the defi-
nition of a classically filtered field al(x)
al(x) ≡
∫
d3rGl(r)a(x + r), (6.1)
where Gl(r) = G(r/l)/l
3 is the kernel, and G(r) is a window function. The density-
weighted Favre filtered field is then defined by
a˜l(x) ≡
ρal(x)
ρl(x)
. (6.2)
By the large-scale continuity and temperature equations, it is straightforward to derive
the temperature variance budget for large scales as follows
∂
∂t
(1
2
ρlT˜ e
2
l
)
+∇ · Jl = −Πl − Φl − Λl −Dl + εcooll . (6.3)
Here Jl(x) is the spatial transport of large-scale temperature variance, Πl(x) is the
subgrid-scale (SGS) temperature flux to scales < l, Φl(x) is the large-scale pressure-
dilatation, Λl(x) and Dl(x) are the viscous and temperature dissipations acting on scales
> l, respectively, and εcooll (x) is the temperature ”energy” depletion caused by cooling
function. The details of these terms are written as
A numerical investigation on active and passive scalars in isotropic compressible turbulence25
l/η
-0.06
-0.04
-0.02
0
2 25610 100
<∇⋅Jl>
<Πl>
<Φl>
<Dl>
<Λl>
(a)
101 102
0
2
4
6 ×10
-3
l/η
0
0.5
1
1.5
2
2 25610 100
<∇⋅Jl>
<Dl>
<Πl>
(b)
Figure 23. Various terms except forcing in the stationary filtered equations of scalar
variances, as functions of l/η. (a) Temperature; (b) Concentration.
Jj =
1
2
ρT˜ e
2
u˜j + ρT˜ e
(
T˜ euj − T˜ eu˜j
)− γκ
2Pe
∂
∂xj
T˜ e
2
, (6.4)
Π = −ρ(T˜ euj − T˜ eu˜j) ∂
∂xj
T˜ e, (6.5)
Φ =
(
γ − 1)pθT˜ e, (6.6)
Λ = − αγ
PeRe
T˜ eσ˜ij
∂
∂xj
u˜i, (6.7)
D =
γκ
Pe
( ∂
∂xj
T˜ e
)2
. (6.8)
Henceforth, we shall take the liberty of dropping subscript l whenever there is no risk of
ambiguity. Similarly, the concentration variance budget for large scales is read as
∂
∂t
(1
2
ρlC˜o
2
l
)
+∇ · Jl = −Πl −Dl + εpassl , (6.9)
where εpass
l
is the concentration ”energy” injection from external forcing. The expressions
of the spatial transport of large-scale concentration variance, Jl(x); the SGS concentra-
tion flux to scales < l, Πl(x); and the molecular dissipation acting on scales > l, Dl(x),
are
Jj =
1
2
ρC˜o
2
u˜j + ρC˜o
(
C˜ouj − C˜ou˜j
)− χ
2β
ρ
∂
∂xj
C˜o
2
, (6.10)
Π = −ρ(C˜ouj − C˜ou˜j) ∂
∂xj
C˜o, (6.11)
D =
χ
β
ρ
( ∂
∂xj
C˜o
)2
. (6.12)
In Figure 23 we plot all the terms in Equations (6.3) and (6.9) except the forcing ones,
as functions of the normalized scale l/η. In the statistically homogeneous turbulence,
the spatial transport of large-scale temperature variance vanishes, and thus, the value
of the corresponding term shown in the left panel is basically zero. Throughout scale
ranges, the SGS temperature flux and temperature dissipation are positive, causing the
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Figure 24. Pressure-dilatation and its positive and negative components in the stationary
filtered equation of temperature variance, as functions of l/η. Total: squares; positive: deltas;
negative: gradients.
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Figure 25. Normalized SGS fluxes of scalars and their components as functions of l/η. (a)
Temperature; (b) Concentration.
temperature variance to decay. Contrarily, as scale increases, the magnitude of viscous
dissipation declines quickly and approaches zero at the scales of l/η > 128, while that of
pressure-dilatation first increases and undergoes a flat region in the range of 5 6 l/η 6 20,
then decreases and reaches zero at large scales. Note that both the viscous dissipation
and pressure-dilatation lead to the amplification of temperature variance. The above
observation shows that the action of viscous dissipation is restricted at small scales,
while the pressure-dilatation mainly takes place at the moderately large scales satisfying
η < l  Lf . In the inset we enlarge the temperature dissipation and SGS temperature
flux. It is found that the former limits itself at small scales and falls quickly as scale
increases. By contrast, for the latter, there appears a plateau spanning the range of
5 6 l/η 6 20, which demonstrates the existence of an inertial range for the temperature
cascade. Throughout scale ranges in the right panel, the spatial transport of large-scale
concentration variance vanishes as well. The molecular dissipation depletes concentration
variance and occurs mainly at small scales. As scale increases, the SGS concentration
flux first increases and undergoes a flat region of 30 6 l/η 6 80, then decreases at large
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Figure 26. Isosurfaces of the compressive component of SGS scalar fluxes in a 1283 subdomain
(the filter width l = 5η), where the yellow and green surfaces are for Πtecl = 0.25te and
Πcocl = −0.25co, respectively.
scales. It implies that there is only direct cascade in the concentration transport, which
is different from that in 1D compressible turbulence (Ni & Chen 2012).
The pressure-dilatation Φl =
(
γ − 1)plθlT˜ el does not contain any modes at scales
< l, and thus, vanishes in the absence of SGS fluctuations. It only contributes to the
conversion between the large-scale kinetic and internal energy, namely, if θl < 0, the
energy is transported from kinetic to internal energy; if θl > 0, the process reverses
(Aluie 2011). The picture of the negligible Φl at small scales does not contradict to the
fact of the rarefaction and compression motions appearing at all scales, which are the
main property of compressible turbulence. Our result reveals that the high pressure-
dilatation generated in the vicinity of small-scale shocklets will vanish after taking global
averages, because of the cancelations between rarefaction and compression regions (Aluie
et al. 2012). In Figure 24 we plot the pressure-dilatation and its positive and negative
components, as functions of the normalized scale l/η. Obviously, both 〈Φ+
l
〉 and 〈Φ−
l
〉
are high at small scales, however, when adding together, they basically cancel each other
and make the outcome 〈Φl〉 be small.
In Figure 25 we plot the normalized SGS scalar fluxes and their components, as func-
tions of the normalized scale l/η. In the left panel, there is a flat region in the range
of 8 6 l/η 6 25, indicating the conservation of temperature cascade. The compressive
component is significantly larger than the solenoidal component. This reveals that the
cascade of temperature is mainly determined by the motions of rarefaction and compres-
sion. By contrast, in the right panel, the plateau of the SGS concentration flux appears
in the range of 35 6 l/η 6 85, and the level value is close to unity. The magnitude of
the solenoidal component is much higher than that of the compressive component. This
means that the cascade of concentration is governed by the stretching and shearing of
vortices. Furthermore, it is found that the compressibility of turbulence leads the com-
pressive SGS concentration flux to be negative, and thus, trasfer from small to large
scales. In a word, our results indicate that the cascades of the active and passive scalars
are separately dominated by the compressive and solenoidal components of velocity.
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Figure 27. The rescaled p.d.f.s of SGS temperature flux and its two components. (a)
P [lΠtel /(teη)](l/η)
−1; (b) P [lΠtesl /(teη)](l/η)
−1; (c) P [lΠtecl /(teη)](l/η)
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.
In Figure 26, the 3D isosurfaces of the compressive component of the SGS scalar fluxes,
Πtecl = 0.25te and Π
coc
l = −0.25co, are displayed in a same 1283 subdomain, where the
filter width is l = 5η. It shows that the sheetlike surfaces of Πtecl are converged together,
similar to the surfaces of dilatation shown in Figure 16. This confirms the dominance of
the rarefaction and compression motions in the temperature cascade. By contrast, the
surfaces of Πcocl are broken down into a large number of sheetlike fragments.
The rescaled p.d.f.s of the SGS scalar fluxes and their components at l = 24η, 32η, 48η
and 64η are plotted in Figure 27 (temperature) and Figure 28 (concentration). It shows
that all the rescaled p.d.f.s of Πtel , Π
tes
l and Π
tec
l exhibit skewness toward positive side,
therefore, the transfer of temperature flux is completely from large to small scales. By
contrast, the rescaled p.d.f.s of Πcol and Π
cos
l are positively skewed, whereas that of Π
coc
l
is negatively skewed. It indicates that the compressive component of the concentration
flux transfers upscale. Here we point out that the p.d.f. tails of the SGS scalar fluxes are
mainly contributed from the small-scale shocklets. Furthermore, we observe that in both
figures, the rescaled p.d.f.s collapse to the same distribution for all l in the inertial range
of 24 6 l/η 6 64. By the multifractal theory (Benzi et al. 2008), the scaling exponents
of the statistical moments of lΠtel and lΠ
co
l as well as their components should saturate
at high order numbers, where the values of exponents are equal to unity. This prediction
reveals the statistical scale-invariant property of the active and passive scalar fluxes in the
inertial range. Finally, the geometrical similarities of the rescaled p.d.f.s between (Πtel ,
Πtecl ) and (Π
co
l , Π
cos
l ), once again confirm the fact that the cascades of the active and
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Figure 28. The rescaled p.d.f.s of SGS concentration flux and its two components. (a)
P [lΠcol /(coη)](l/η)
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.
passive scalars are respectively dominated by the compressive and solenoidal components
of velocity.
7. Summary and conclusions
In this paper, a systematic investigation on the statistics of active and passive scalars
in an isotropic compressible turbulent velocity was performed. The simulation was solved
numerically using a hybrid method of a seventh-order WENO scheme for shock region and
an eighth-order CCFD scheme for smooth region outside shock. The large-scale velocity
and passive scalar forcings were added to drive the simulated system, and maintain
it in a stationary sate, where the turbulent Mach number was Mt = 1.02, and the
Taylor microscale Reynolds number was Reλ = 178. To explore the statistical differences
between active and passive scalars, a variety of statistics including spectrum, structure
function, probability distribution function, flow structure and cascade were investigated.
Moreover, the effects of solenoidal and compressive processes of velocity on the scalar
transports were described, of which some affect both active and passive scalars, while
the others are shown to associate with only one scalar.
The spectra of kinetic energy and scalars defer to the k−5/3 power law. The Kol-
mogorov constant was found to be CK = 2.06, while the OC constant for passive scalar
is CcoOC = 0.87, which is consistent with the typical values observed in incompressible
turbulence. Compared to passive scalar, the transfer flux spectrum of active scalar shifts
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towards higher wavenumbers, since the OC scale of temperature is larger than that
of concentration. The local scaling exponents computed from the second-order structure
function display flat regions for velocity and active scalar. Nevertheless, for passive scalar,
it takes first a minimum of 0.61 and then a maximum of 0.73. Our results also confirmed
that the velocity and passive scalar satisfy the Kolmogorov’s 4/5 and Yaglom’s 4/3-laws,
respectively. However, there is no similar law found for active scalar.
We then discussed the probability distribution function. First, the p.d.f.s of velocity
and active scalar fluctuations are very close to Gaussian at small amplitudes and become
super-Gaussian at large amplitudes, while that of passive scalar fluctuations arises slight
oscillations at small amplitudes and changes into sub-Gaussian at large amplitudes. Sec-
ond, the p.d.f. of velocity increment is concave and strongly intermittent at small scales.
As scale increases, it approaches Gaussian. Further, by applying the Helmholtz decom-
position to velocity, we found that at small scales, the p.d.f. for the solenoidal component
of velocity is similar to that for velocity increment in incompressible turbulence, while
the p.d.f. for the compressive component of velocity can be analogous to that for velocity
increment in Burgers turbulence. As for the scalar increments, the p.d.f.s are symmetric
and close to Gaussian at large scales. The shape for the p.d.f. of active scalar increment
is concave, and that for the p.d.f. of passive scalar increment is convex, the same to
that in incompressible turbulence. Third, the major contributions to the p.d.f. tails of
flow gradients are caused by small-scale shocklets rather than large-scale shock waves,
which make the values of the power-law exponents be −3.8 for velocity, −3.3 for active
scalar, and −3.5 for passive scalar. Furthermore, our results showed that the skewness
for velocity and passive scalar increments are positive, and approach zero as scale in-
creases. Throughout scale ranges, in magnitude the skewness of passive scalar increment
is always smaller than that of velocity increment, indicating a weaker degree of Gaussian
departure.
In terms of high-order statistics, the scaling exponent computed from structure func-
tion gives the following relations: zu,p > zco,p > zte,p, zu,p > zte,p > ztem,p, and
zu,p > zcom,p > zco,p, where the last one is similar to that observed in incompressible
turbulence. In addition, the computation based on the Helmholtz decomposition revealed
that zmtec,p is nearly identical to the mixed temperature-velocity scaling exponent shown
in previous 1D compressible turbulence simulation.
We further investigated the field structures of scalars. It seemed that the active scalar
has the ”ramp-cliff” structures, which is usually regarded as production by stretching
and shearing of vortices. By contrast, the passive scalar is dominated by the large-scale
rarefaction and compression caused by shock fronts. The visualization of the isosurfaces of
dilatation and scalars provides conclusions in two respects: (1) the sheetlike active scalar
surfaces are wrinkled, distribute around shock wave and intersect with the dilatation
surfaces in certain positions; and (2) the passive scalar surfaces are also sheetlike, and
the opposite-sign value basically appears on each side of the shock fronts. The statistics
of angles between vorticity and scalar gradients show that the scalar gradients prefer to
be perpendicular to the vorticity. Compared to active scalar, the p.d.f. of passive scalar is
much steeper, showing that the passive scalar is more frequently tangent to the vorticity.
The analysis of dissipation field structures started from the dissipation spectra of
scalars. We found that the maximum dissipation spectrum of passive scalar locates at
higher wavenumbers than that of active scalar, given that the effectively smallest scale
for passive scalar is about 0.9η, smaller than the Kolmogorov scale. In the range of
0.1 6 r/η 6 0.18, the dissipation spectra approximately follow a k1/3 scaling, which can
be derived from the Komlogorov theory. In order to understand the detailed structures
at both small and large amplitudes, we computed the logarithms of the scalar dissipation
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rates: ψte and ψco. It showed that ψte is composed of the small-scale cliff-like structures of
high dissipation and the large-scale ramp-like structures of low dissipation. By contrast,
the small-scale structures in ψco are broader in widths, and display as ribbons. The expo-
nent parameter computed from the auto correlation of dissipation rate is a common used
method for quantifying intermittency. Our results gave that µte = 0.85 and µco = 0.46,
meaning that the active scalar is much stronger in intermittency. As for the correlation
coefficients between the dissipation rates of kinetic energy and scalars, it showed that
C(, te) and C(, co) decrease with scale and emerges plateaus at scales larger than Lf .
At small scales, C(, co) saturates at the level value of 0.25. The analysis was completed
by the statistical dependence of scalar increment on dissipation rate. We found that the
active scalar increment suffers influence from both the kinetic energy and active scalar
dissipations, while the passive scalar increment mainly connects with its own dissipation.
By employing a ”coarse-graining” approach, the scalar variance budgets for large scales
were obtained. First, we observed that throughout scale ranges, the active scalar variance
is increased by the large-scale pressure-dilatation and small-scale viscous dissipation,
but is decreased by the SGS flux and temperature dissipation. The decomposition on
pressure-dilatation showed that it has high values in the vicinity of small-scale shocklets.
However, because of the cancelations between rarefaction and compression regions, the
contribution vanishes after space average. As for passive scalar variance, it is depleted
by the molecular dissipation at small scales, and is transported by the SGS flux from
large to small scales. Second, the SGS active scalar flux, dominated by its compressive
component, appears a plateau in the range of 8 6 l/η 6 25, implying the conservation of
active scalar cascade. In spite of the compressive component is negative, the much larger
positive solenoidal component leads the SGS passive scalar flux to transfer downscale as
well, and defines the conservative cascade of passive scalar in the range of 35 6 l/η 6 85.
As a result, in our simulation, the transport of passive scalar is mainly determined by
the solenoidal component of velocity, which is similar to that in incompressible turbulent
flows. Furthermore, the visualization for the isosurfaces of compressive-component SGS
scalar flux at the filter width l/η = 5 confirms the dominance of the motions of rarefac-
tion and compression in the active scalar cascade. Third, it was found that in the inertial
range, the rescaled scalar flux p.d.f.s collapse to the same distribution. According to the
mutifractal theory, we predicted that the scaling exponents for the moments of lΠtel and
lΠcol should saturate at high order numbers. This indicates that there are scale-invariant
features for the statistics of active and passive scalars. In addition, the geometrical sim-
ilarities of the rescaled p.d.f.s once again prove the aforementioned conclusion that the
cascades of active and passive scalars are separately dominated by the compressive and
solenoidal components of velocity.
The current investigation reveals a variety of unique small-scale features of active
and passive scalars in compressible turbulence, relative to the statistical properties of
passive scalar in incompressible turbulence. Here we limit our study to the large-scale
solenoidal forcing, a complementary numerical simulation in which both the solenoidal
and compressive components of velocity are stirred will be performed (Ni & Chen 2015).
Our future work will also address the effects of basic parameters such as the Mach and
Schmidt numbers on the scalar transport in compressible turbulence (Ni 2015a,b).
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